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Abstract 

We investigate the integral conditions to extend the mean curvature flow in 
. a Riemannian manifold. We prove that the mean curvature flow solution with 

\iy ' finite total mean curvature on a finite time interval [0, T) can be extended over 

. time T. Moreover, we show that the condition is optimal in some sense. 

2 ' 1 Introduction 



Let {M,g) be a compact n-dimensional manifold without boundary, and let 

Ft : M" — > A^"+^ be a one-parameter family of smooth hypersurfaces immersed in 

ly-^ ' a Riemannian manifold {N, h). We say that Mt = Ft{M) is a solution of the mean 

curvature flow if Ft satisfies 
O ■ 

(N ■ ( d 



QlF{x,t) = -H{x,tMx,t) 
F{x,0) = Fo(x), 



0\ . 

, where F{x,t) = Ft{x), H{x,t) is the mean curvature, v{x^t) is the unit outward 

normal vector, and Fq is some given initial hypersurface. 

^ \ When the ambient space is the Euclidean space M""''^, G. Huisken [3] showed 

5^ ■ that the solution of the mean curvature flow converges to a round point in a finite 

time for convex initial hypersurface. He also proved that if the second fundamental 
form is uniformly bounded, then the mean curvature flow can be extended over time. 
If the ambient space is a Riemannian manifold, G. Huisken [5j proved the similar 
convergence theorem for certain initial compact hypersurface and gave an sufficient 
condition to assure the extension over time for mean curvature flow. Distinct from 
the above pointwise conditions, in our previous work [12] we investigated the integral 
conditions to extend the mean curvature flow on closed hypersurfaces in M""'"^, which 
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is optimal in some sense. Almost at the same time, N. Le and N. Sesum [7J studied 
the same question independently with a different method. 

In this paper, we study the mean curvature flow of hypersurfaces in a Riemannian 
manifold with bounded geometry, which generalizes our results in [12]. We recall 
that a Riemannian manifold is said to have bounded geometry if (i): the sectional 
curvature is bounded; (ii): the first covariant derivative of the curvature tensor is 
bounded; (iii): the injective radius is bounded from below by a positive constant. In 
this paper we always assume that the ambient space A^"+^ is a complete Riemannian 
manifold with bounded geometry. We prove that when the space-time integration 
of the mean curvature is finite and the second fundamental form is bounded from 
below, the mean curvature flow can be extended. 

Theorem 1.1. Let Ft : M" — > N"-+'^ (n > 3) 6e a solution of the mean cur- 
vature flow of closed hypersurfaces on a finite time interval [0, T). // 

(1) there is a positive constant C such that hij > —C for {x,t) £ M x [0, T), 

(2) ||^IU,Afx[o,T) = [lo lM\H\"'dfj.dtY <+oo for some a>n + 2, 
then this flow can be extended over time T. 



Suppose that the sectional curvature Kj^f of N^~^^ satisfies 

-Ki <Kn< K2, 

where Ki and K2 are nonnegative constants. We also will prove the following theo- 
rem. 



Theorem 1.2. Let Ft : — > iV"+^ (n > 3) be a solution of the mean cur- 
vature flow of closed hypersurfaces on a finite time interval [0, T) . // 

(1) > n^Ki att = 0, 

(2) ||-H'IU,Mx[o,T) = (/o^/m l-^l"^^^*) " <+oo for some a >n + 2, 
then this flow can be extended over time T. 



The following example shows that the condition a > n + 2 in Theorem 1 . 1 and 
1.2 is optimal when the ambient space is a complete simply connected space form. 

Example, (i) For the case where N"-+^ = M"+\ set S" = {x G : Y17=i = !}• 

Let F be the standard isometric embedding of S" into M"^"*^. It is clear that 
F{t) = \/l — 2ntF is the solution to the mean curvature flow, where T = 2^ is the 
maximal existence time. By a simple computation, we have gij{t) = (1 — 2nt)gij, 
H{t) = ^7j=j and hij{t) > 0. Hence 

ll-f^lU,Mx[o,r) = (^J Jj^j^^^"'^^^^^ 

= Ci(^j\T-t)'^dt^\ 
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where Ci is a positive constant. It follows that 



\H\\a,Mx[0,T) 



= oo, for a > n + 2, 
< oo, for a < n + 2. 



This implies that the condition a > ra + 2 in Theorem 1.1 and 1.2 is optimal when 

(ii) Let ¥'^~^^{c) be a complete simply connected space form with constant curvature 
c. We consider the case N"-+^ = F"+i(c), where c = ±1, that is, iV"+i = S"+i 
or H'^"'"^. Let M = S"(ro) be a total umbilical sphere of radius ro in A/'""'"^ with 
constant mean curvature Hq satisfying Hq > when c = 1, and i^Q > when 

c = —1. Put d = „2^° 2 . Let S^frff)) be a sphere with radius r(t) = Y^"^"" ==ro, 

where = \J^^^^^t • Then S"(r(t)) is a family of total umbilical spheres with 
constant mean curvature H(t), which satisfies the mean curvature flow with initial 
value M = S^{ro) C N^'^^. It is clear that the maximal existence time is T = 
when c = 1, and T = ^ when c = — 1, the second fundamental form hij satisfies 

hij > 0, and the volume of §"(r(t)) is V{t) = ( 1 Vq, where Vq is the 

volume of S"(ro). Hence 

rT 



H''{t)V{t)dt 




where C2 is a positive constant. Since (n^ "de^"'^*) 2 has positive upper and lower 
bounds because of the finiteness of T, and the integral 



T /^ j„2ncf 







l_^e2nct^—^( =00, for a>n + 2, 
< 00, /or a<n + 2, 



it follows that 



|-f^lla,Mx[0,T) I 



= 00, for a > n + 2, 
< 00, for a < n + 2. 



This implies that the condition a > n + 2 in Theorem 1.1 and 1.2 is optimal when 

^n+l ^ gn+1 jjn+l_ 



2 Preliminaries 

Let : M" ^ iV"+i be a one-parameter family of smooth hypersurfaces im- 
mersed in a Riemannian manifold A'^. Denote hy g = {gij} and A = {hij} the 
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induced metric and the second fundamental form of M respectively, and H is the 
mean curvature of M, which is the trace of A. We put V and Ric be the connection 
and the Ricci tensor of N , and Rabcd, A, B, C, D = 0,1, - ■ ■ ,n, be components of 
the curvature tensor of N with respect to some local coordinates such that cq = v. 

Firstly, we recall some evolution equations (see [2]) [S] or [15]). 

Lemma 2.1. Along the mean curvature flow in Riemannian manifolds, we have 
the following evolution equations 

d 

—Qij = -2Hhij, 

^'"^'^ - A\Af -2\VAf + 2\A\'^{\A\'^ +Ric{iy,iy)) 



at 



-A{h'^hfRmii ' - h'^h'^^Rmiij) - 2h'^iVjRoii ' + ViRoij 



= AH + Hi\A\^ +Riciu,v)). 

ot 

We denote by LOn the volume of the unit ball in M". The following Sobolev in- 
equality can be found in [6]. 

Lemma 2.2. Let M" C A^"+p he an n[> 2) -dimensional closed submanifold in 
a Riemannian manifold A^"+p with codimension p > 1. Denote by i]\j the positive 
lower bound of the injective radius of N restricted on M. Assume Ki\j < 6^ and let 
h be a non-negative function on M. Then 

dfi, 



provided 
where 



([ h^dfi] " <C{n,a) [ \\Vh\+h\H 
\Jm J Jm l 

6^(1 — a)~ ^ {uj~^Vol{supp h))n < 1 and 2pQ < i^ 



{h ^ sin -"^6(1 — 0) ^{ijj^'^Vol{supp h))n for b real, 
(1 — a)^ n [uj^^V ol{^supp for b imaginary. 

Here a is a free parameter, < a < 1, and 

C(n,Q) = In ■ 2"-2a-i(l - a)-^^^u;~^. 
2 n — 1 

For b imaginary, we may omit the factor ivr in the definition of C{n,a). 



The following lemma gives a proper form of the Sobolev inequality, which can 
be found in [10]. Here we outline the proof. 

Lemma 2.3. Let C A^"+?' be a n{> 3) -dimensional closed submanifold in a 
Riemannian manifold A^^+P with codimension p > 1. Denote by i^ the positive 
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lower bound of the injective radius of N restricted on M . Assume < K2, where 
K2 is a non-negative constant and let f he a non-negative function on M satis- 
fying 



K2{n + l)^{uj:^^Volisupp /))" < 1, 



(1) 



2i^2 ' sin"^ + l)"{<^n^yol{supp /))» < in. 



Then 



V/ \\l> 



{n - 2f 



fr^-Hl(l + -\\\f\\l 



4(n- 1)2(1 + i) [C2(n 
where Hq = max^eM H and C{n) = C{n, 

Proof. For all g G C^{M), g >0 satisfying (1) and (2), Lemma 2.2 implies 

\\g\\n<Cin) I (I Vg\+Hg)dii. 
Jm 

2(n-l) 

Substituting g = f "-2 into (3) gives 

2(n - 1) 



(/ 

\Jm 



dji 



< 



n-2 

By Holder's inequality, we get 



-C(n) / /TT^ I V/ I d/x + C{n) [ 

JM JN 



(2) 



(3) 



2(n-l) 

Hf^^dn. 



/ ||^< C{n) 



2{n - 1) 
n-2 



This implies 



n — 2 



4(n- 1)2(1 +t) 
(n - 2)2 



V/ II 2 +Ho II / 



V/ ll^+i^oMi + i) ll/lli 



which is desired. 



3 An estimate of the mean curvature by its L"+^-norm 

In this section, we prove the following theorem, which plays an important role 
in the proof of Theorem 1.1. 

Theorem 3.1. Suppose that Ft : M"^ — > iV'^+^ (n > 3) is a mean curvature 
flow for t G [0, To], and the second fundamental form A is uniformly hounded on 
time interval [0, To] . Then 



max H'^{x,t) < ( [ ° [ iHl^'+^dndt 

(x,t)eMx[^,To] \Jq JMt 



2 

n+2 
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where C3 is a constant depending only on n, Tq, sup^^. j)gj\^x[o,To] I^L -^i; -^2 and 
the injectivity radius lower bound in > of N . 

Proof. The evolution equation of H'^ is 
d 

—H^ = AF^ - 2 I Vi? 1^ +2i?2 I A |2 +2H'^Ric{v, v). 
Since | ^ | is bounded, we obtain 

at 

where /? is a positive constant depending only on n, sup^^. j-)gj\^x[o,ro] 1^1 -^2- For 
< < i?' < 00 and a; e M, we set 

{1 X G Sj^(0)(x,i?), 

77 G [0,1] and I V?7|g(o) < ;R77rR x e Bg^Q){x,R')\Bg(Q-){x,R), 

xeM\Bg^o){x,R'). 

Since supp 77 C Bg(^Q-^{x, R'), rj satisfies (1) and (2) with respect to ^(0) for R' 
sufficiently small. On the other hand, the area of some fixed subset in Ad is non- 
increasing along the mean curvature flow, hence 77 satisfies (1) and (2) with respect 
to each g{t) for t G [0, Tq]. 

Fix R' > suflficiently small, for any point x G Mj, we denote by B{R') = 
Bg{o) (x, R') the geodesic ball with radius R' centered at x with respect to the metric 
5(0). Putting / = then for any p > 2, the inequality (4) implies 

P Jb{r') Jb{r') Jb{r') P Jb(r') 

Integrating by parts yields 

/ „V-'A/ = -It^i^/ |V(/5,)|^+1/ IV, IV 

Jb{r') P Jb{r') P Jb{r') 

+^ ( V(/5,)/fv, 

P^ Jb(R') 

P Jb{r') P Jb{r') 

Thus 

-1/ /V < -- II V(/i77) Hi +/3 II /It? Hi 
P dt Jb(r') P 

+-/ \^v\'F + -[ Fv'^dvt 

P Jb{R') P Jb{R') dt 

< -- II V(/§r?) Hi +13 II /Sr? Hi +- / I Vr? f f^. 
P P Jb(R') 
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Hence 
d_ 

dt 



JB(R') JB(R') JB(R') Jb(R') 



B{R') JB{R') JB{R') JB{R') 

For any < t < t' < Tq, define a function ijj on [0, Tq] by 



r 



m = { 

Multiplying (5) by ip{t) gives 



t-T 

t'-t 

1 



< t < r, 
r < t < r', 

t' <t< Tq. 



<Jt \ Jb{r') J Jb{r') 

Jb{r') Jb(r') 
By integrating (6) on [r, t] we obtain 

/ /V + r / I v(/i7?) p 

7r' Jb{R') 

< 2 r [ I Vr? |2 + (/3p + -j^) r [ Pri". 

Jt Jb(R') ^ T -T/ Jb(R') 



It JB{R') ^ T-T/J^ JB(R>) 

For E! sufficiently small, the following Sobolev inequality holds: 



i 



pn ■2 a 
y n — 'l <y^n — 2 



B{R') 



n-2 



< 



A(n-lf{l + s)C'^{n) 
(n - 2)2 

+/f2c2(n)(l + i) II /fr? 



V(/^ry) 111 



Hence 



Jt' Jb{R') 
To 



< 



B{R') 



np 2n 
y* n-2 7y n-2 



< max 
te[T 



aax ( [ /V 1 X / " 

r',To] \Jb{R') I Jt 



4(n- 1)2(1 + g)C2(^) 

(n - 2)2 



V(/2ry) 



+i/o^CV)(l + -) II /^r? Ill 
< Ca max ^ I / fri^ \ x 



*6[t',To] \Jb{R') 



/ /V X / 

/ Jt 



V(/«r/) 111 + II f^n Hi 



< C4 



Jt Jb(R') ^ t' - tJ Jb(R') 



T Jb(R') 



1+; 



where we put s = 1 and C4 is a constant depending on n and sup(3,^^)gJ^^x[o,To] 1^1- 
Note that \Vrj\g^t) < |V?7|^(o)e", where I = max;o<t<To ll^llg(t)- Thus 

Jt Jb{R') Jt Jb{R') ^ ^ ' ^ [R - RY Jt J B{R') 

where C5 is a constant depending on n and sup(3, |)gjy^x[o,To] I^P- Then it follows 
that 

C5T0 \ i+f 



x{ r f Fd^itdt] 
\Jt Jb(r') / 



(7) 



Putting L{p,t, R) = Ib{r) f^i obtain from (7) 



2\ _/ 



L[v[l + -),r',R)<C,[(5p+^^ + j^ 



t'-t {R'-Rf 



L{p,T,R'Y+^. (8) 



We set /X = 1 + f , pk = ^ix^, Tk= {l- and Rk = + where 

A; = 0, 1, 2, • • •. Then it follows from (8) that 



L{jpk+i,Tk+i,Rk+iy*'+^ < Q 



+ 



+ 



1 

Pk 



xiiPkL{pk,Tk,Rk)'''' ■ 



Hence for any m> 1, 



L{pm+l,Tm+l,Rm+l)''"^-i 



Em 



v^m _fc_ 



(n + 2)/3 1 4eC6To 



+ 



+ 



fx-1 t 



Em 
fc=0 



Pk 



As m — ^ +00, we conclude 



where is a positive constant depending on n, supj\^x[o,T] 1^1' -^1 -^2- 



(9) 
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Note that we choose R! sufficient small such that 

K2{n + l)l{u-^Volg^^){B{B!))l < 1 (10) 

and 

2K^ Kin-' Klin + 1)^ {u;-^Volg^o){B{R'))^ <iN. (11) 

For g{0), there is a non-positive constant K depending on n, max3;gMo 1^1) and 
K2 such that the sectional curvature of Mq is bounded from below by K. By the 
Bishop-Gromov volume comparison theorem, we have 

Volg^o){B{R')) <VoIk{B{R')), 

where VoIk{B{R')) is the volume of the ball with radius R' in the n-dimensional 
complete simply connected space form with constant curvature K. Let R! be the 
largest number satisfying 



K2{n + l)n{u:-'VolK{B{R!))n < 1 

and 

2K~Km-' Kl{n + l)n{uj-'VolK{B{R'))n < i^. 

Then R' only depends on n, Ki, K2, in and sup(j.^()gji^x[o,ro] l^h ^(^^g(o){B{R')) 
satisfies (10) and (11). This implies that 



T 2 

H^{x,t) < C3 ( / ° / \H\''+'^dfidt] 

\Jq JMt J 



max 

{x,t)eMx[^,To] 



where C3 is a constant depending on n, To, sup(3. |)gjv^x[o,To] 1^1) -^i) -^2 and Ziv, 
which is desired. 



4 Mean curvature flow with finite total mean curvature 

In this section we combine the above results to prove Theorem 1.1. 

Proof of Theorem 1.1. It is sufficient to prove the theorem for a = n + 2 since by 
Holder's inequality, ||-f^||a,Mx[o,T) < 00 implies ||-f^||n+2,Mx[o,T) < 00 if o; > n + 2. 

We argue by contradiction. 

Suppose that the solution to the mean curvature flow can't be extended over 
T, then \A\ becomes unbounded as i — > T. Since hij > —C, we get YlijQ^ij + 
C)^ < C7[tr{hij + C)]^, where C7 is a constant depending only on n. Since \A\^ is 
unbounded, we have Yliji^ij + unbounded. This together with 

[tr{hij + C)]2 = {H + nCf = + 2nCH + n^C^ 
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implies that H is unbounded. Namely, 

sup H'^{x, t) = oo. 

{x,t)eMx[0,T) 

Choose an increasing time sequence tW, i = 1, 2, • • •, such that limi_^oo t^'^ = T. We 
take a sequence of points x^^^ G M satisfying 

H'^{x^),t^))= max H'^{x,t). 

(2:,t)6Mx[0,t(»)] 

Then liuii^oo H^ix^^ ,t^'^) = oo. 

Putting Q(*) = H'^{x^^\t^^^), we have limj_»oo Q*-*^ = oo. This together with 
limj^oo t^^^ = T > implies that there exists a positive integer io such that Q^^H^^^ > 
1 and Q^*-* > 1 for i > iq- For i > iq and t G [0, 1], we consider the rescaled flows 

= F + : (M,/)(t)) (iV,Q«/i). 

Let and = be the mean curvature of and the 

induced metric on M induced by F^^\t) respectively. Then F^^\t) : M M""^^ is 
still a solution to the mean curvature flow on t G [0, 1]. Since Ft satisfies hij > —C 
for {x,t) G M x[0,T), we have 

Hfi^(.x,t) < 1 on M X [0, 1], 



h"-"' > ^= on M X [0,1], (12) 

where A^^^ = is the second fundamental form of The inequality in (12) 

c 



nves hf^ + > 0. Hence 



Ai) C f(i) C \ nC 



which implies that /i^-^ < -ff(j) + ^^/^y"- Since Q^*^ > 1 for i > iq, it follows that 
< Cs, where Cg is a constant independent of i for i > io- 

We consider the sequence (M,5W(t),2;«), t G [0,1]. It follows from [3j that 
there is a subsequence of {M^''\g^^\t),x^^^) converges to a Riemannian manifold 
{M ,g(t),x), and the corresponding subsequence of immersions F^^\t) converges to 
an immersion F{t) : M t G [0, 1]. 

Since {N,h) has bounded geometry and Q*^*^ > 1 for i > io, (N,Q^'^^h) also has 
bounded geometry with the same bounding constants as {N,h) for each i > iq. It 
follows from Theorem 3.1 that 

1 



{x,t)eMWx[i 1] ^' \Jo JMt 



n+2 
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where Cg is a constant independent of i for i > io- Hence 



1 +2 

max H^{x,t) < lim Cg ( / / ) 



(x,t)6Mx[|,l] 



2 



< lim Cg / / iHl^'+^dfidt . (13) 

The equaUty in (13) holds because /q Jj^j W+^d^dt < +00 and limi^oo(Q^*^)"^ = 0. 
On the other hand, according to the choice of the points, we have 

H'^{x,l) = lim HlAx^^,!) = 1. 
This is a contradiction. We complete the proof of Theorem 1.1. 

We can prove Theorem 1.2 by a similar method. 

Proof of Theorem 1.2. Since > rpKi is a strict inequality and M is com- 
pact, there is a positive constant e such that > ri^Ki + e. From Lemma 3.1 we 
know that > n^Ki + e is preserved along the flow. Moreover, > n?Ki at 
t = implies |ylp < CiqH"^, where Cio is a constant. We put /o = then we can 
obtain the evolution of /o by Lemma 5.2 in [5]: 

^/o = Afo + ^{ViH,Vifo)-^\ViHhki-VihMH\^ 
This implies that 

^/0< A/0 + C11/0 + C12, 

where Cn and C12 are constants independent of t. By the maximum principle and 
the finiteness of T, there exists some positive constant C13 independent of t such 
that l^p < CuH^ for t e [0,T). 

We only need to prove the theorem for a = n + 2, and we still argue by contradic- 
tion. If the solution to the mean curvature flow can't be extended over time T, then 
|Ap becomes unbounded as t — > T, and < Ci^H^ implies that also becomes 
unbounded. Let (x(*),t(*)), QW, ^^(t), fi(W(t) and {M,g{t),x) be the same as we 
denoted in the proof of Theorem 1.1, A^^^ and be the second fundamental form 
and mean curvature of the immersion F(*)(t) respectively. Then |yl»|2 < Ci3|i7(i)|2 
for (x, t) £ M X [0, 1], which implies that vl^*-* is bounded by a constant independent 
of i, for t £ [0, 1]. Then by the conclusion of Theorem 3.1, we have 



{x,t)eA/fWx[i 1] \Jo JMt . 



2 

n + 2 



11 



where C14 is a constant independent of i. Then by a similar process to the proof of 
Theorem 1.1, we can get a contradiction to complete the proof. 

Remark 4.1. By a similar argument, we can extend the mean curvature flow 
in the case where {M,g) is a complete non-compact Riemannian manifold. But in 
that case, the condition a > n + 2 have to be changed to q = n + 2, since the 
Holder's inequality doesn't hold. 

Remark 4.2. In ^14j, we have investigated the integral conditions to extend mean 
curvature flow where M" is a sub manifold in A^"+p with codimension p > 2. 
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